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, and P* for which (8) and (9) become

_^_ = ! JL / * dfl
d^ ~ P diA* V d)A

(10)

(11)
when 6 = aL/U2 (L being as yet arbitrary)

Let us assume a set of solutions of the form

Equations (10) and (11) become

A*x***~l\pf'2 - qff"} = A*x* (12)

A E
~ f

If we now assume p = -J, 7 = 0, q = f , A = - ,̂ B = I , b
= A*, giving L = -fa (u^/a), then Eqs (12) and (13) take
the form

/'" + 3//" - 2/'2 + $ = 0

£" + 3Pr/f = 0

(14)

(15)

The boundary conditions now become, / = /' = 0, £ = 1
for 7 7 - 0 , and /' = 0, £ = 0, 17 = » Equations (14) and
(15) are exactly identical with those deduced by Pohlhausen
when he discussed the flow of a liquid along a hot vertical plate
Taking buoyancy forces into consideration, the curves show-
ing the solution aheady have been given by the forementioned
author for diffeient values of P Thus it is shown that
the solution of the problem of compressible flow may be
reduced to that for the problem of incompressible flow which
now takes the form n* = >*1/2/'(?/) /(i?) = <A*n*3/4, d =

Heal JTiaiisfei
The quantity of heat transfer per unit time and area is

*(*) = -M^) = ~ 77!
rw - TO,)

P*>(vJJLC)v*

- ] x *-l/4

The quantity of heat transfer per unit time and aiea from
the plate to the fluid at a distance x

~m/ [/LI/* —— 3-1/4
4pM(VaVLC)u* UL Wo

- Ta) U1/2

W2

= C = C-', thereforeMOO Tm p \vm

lotal heat tiansfer by a plate of length I and width b is

(16)

where (c)6/()rj)o depends upon Prandtl's number The mean
Nusselt number is defined by

Q = bk0(T« -

Nm=--(^
(17)

It should be noted that Q as well as the Nusselt number de-
pends upon the Reynolds number and Prandtl number as
usual

T(X) = yu ( — ) =

Local skin friction is TO(X) = K(jiQp0U3)1/2/l6L3/4]f"(Q)x1/4

The total value of skin friction over a portion of the plate of
width b and length L is Df.

Df = 20 L1/2/ ;(0) (18)
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Nomenclatm e
= radial distance to dynamical center
= semilatus rectum
= (ju/p3)1/2 = modified mean motion parameter
= true anomaly
= eccentricity
= t ~ U = time since initial epoch
= inertial horizontal in-plane position error
= inertial out-of-plane position error
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Table 1 Summal y of six-parameter sensitivity coefficients for two-body reference orbits (exact first order, inverse)

Az
Ax*

AT/*
Az*

inertial radial position error
inertial horizontal in-plane (circumferential) velocity

error
inertial out-of-plane velocity error
inertial radial velocity error
gravitational constant of the primary body
p/r = nondimensional = 1 + e cost;
cosv, sinv

Introduction

THIS note presents an exact first-order perturbation solu
tion and an associated linear guidance mechanization for

any conical reference orbit A number of papers (Refs 1-3
and 5) have appeared in the literature dealing with this par-
ticular problem for circular and nearly circular orbits It is
believed, however, that an exact explicit representation for
all two-body orbits has not been completely treated in the
current literature

Results
Table 1 presents a complete exact first-order solution to the

two body relative motion (linear perturbation) equations
of motion This solution which is called the transition
matrix, constitutes the complete six parameter solution and
is valid for all two-body terminals Table 2 is an exact ex-
plicit first-order guidance law mechanization for impulsive
controls which is valid for all conical orbits The results in
Table 1, in particular, have been checked by two essentially
different derivations One derivation involved perturbing the
integrals of the two-body solution This derivation is given
in Ref 5 The other involved integrating the two-body per-
turbation equations of motion An outline of the latter,
which is a summary of Ref 6, is discussed herein

The form of the solution as given in Table 1 applies directly
to circular, elliptical, and hyperbolic orbits without modifica-
tion For the parabolic and nearly parabolic orbits, however,
it is necessary to expand this solution about unity with re-
spect to the eccentricity parameter e, using a modified form of
Kepler's equation This expansion is required to minimize

the effect of roundoff errors if machine computation is con-
templated The velocity-to-be-gamed sensitivity matrices
(Table 2), on the other hand, apply to all conies

Properties of Solution

The inverse of the matrix (lower matrix of Table 1) is
simply obtained by reversing time That is, to generate the
inverse, the subscripts between the two terminals are inter-
changed This property follows from physical reasoning as
well as from considering the integration of the adjoint per-
turbation equations backward in time 5 The property of
obtaining the inverse by transposition of the submatrices, as
given in Ref 8, is also seen to hold for local level coordinates

The terminal rendezvous or the relative motion equations
can be obtained from Table 1 upon replacing the inertial
velocity deviations (designated by asterisks) by time dif
ferentials of the corresponding position deviations This will
yield the "Clohessy-Wiltshire" equations for general conical
orbits

Outline of Derivation

Details of the complete derivation will be given in a forth-
coming paper A brief outline is given here, however, to show
the specific relationship of the solution to the perturbation
equations In a central inverse square field, the equations of
motion of a satellitic point in an inertial coordinate system
can be expressed as

i = — Atr/r3 (1)
A first-order perturbation of Eq (1) referred to a rotating co-
ordinate system yields the relative or the linear perturbation
equation

r~ Î*T*T~I
Ar - 2coAir + (-w + co2)Ar = - ~ 7 - —— Ar (2)

where (rrTA2) is a dyad or a tensor of rank 2, and co is the
angular velocity matrix of the rotating coordinate system
Let the inertial perturbation of r be selected in the rotating
frame as
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Table 2 Explicit guidance law mechanization for two-body reference orbits (exact fiist order)
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Velocity- To-Be-Gained Sensitivity Matrix of the First Kind (-ffL4)
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Ax ~ "local inertial horizontal in-plane com-" p3 /p A . , _ . p2 .
ponent of error A* ~ w * ̂  ̂  ~ J j A* + 2w ^ A^ ~

. Ay local inertial out-of-plane component ^3
^r = ~ of error 2n*2 — e sw Az = 0 (normal in-plane^

Az local inertial vertical component of 3
_ error _ Ay + 7i*2 — A?/ = 0 (out-of-plane'

Assuming the reference trajectory is Keplerian, Eq (2) can be
reduced in terms of the in-plane, out-of-plane components, to
yield the following equations:

pi - 2n* ̂  A« +r2

^ e sv Ax = 0 (radial) (3)
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The corresponding inertial velocity error (or deviation) re-
ferred to the rotating coordinate system is given by

[ A**"
Ay*
Az* _

= (4)

Solving Eqs (3) and (4) as an initial value problem will yield
the "transition" matrix, which is the desired solution as given
in Table 1 It is needless to state here that the derivation for
this solution is complex inasmuch as the differential equations
involve time-varying coefficients An exact integral to Eq (3)
has been obtained but will not be given here for lack of space

For circular orbits p/r = 1, and Eqs (3) and (4) become
constant coefficient equations which can be directly solved as
an initial value problem using Laplace Transform tech-
niques This solution is given in Refs 1-5

Let the matrix solution of Table 1 be denoted by </> and as-
sume that it is partitioned as a set of four 3 X 3 submatrices
Then the solution to Eq (3) can be represented as

n+1 \_an+l n

ir Arw~l
fn* Jn J [ Afn

(5)

in which this matrix, defined as <f>n+i nj is given by Table 1,
and where, typically, an+i n = ct(tn+i, tn) is a 3 X 3 submatrix
evaluated between the two terminals n + 1 and n The in-
ertial position and velocity deviation propagation and error
equations are then given by Eq (5) To obtain the inverse
(lower matrix of Table 1), use can be made of the relationship

(6)

which is proved in Ref 8 for inertial coordinates systems and
in Refs 6 and 7 for rotating coordinate systems

An Explicit Linear Guidance Law

Using Eq (5), a linear deterministic solution to the two-
point boundary problem that involves impulsive controls can
be developed In most linear guidance schemes in the free-fall
regime, it is desired to secure a position and/or velocity
match at a future epoch This implies one velocity correction
to null the predicted position deviation and a second coirec-
tion to null the velocity deviation The velocity-to-be-
gained to null the predicted position deviation at epoch n + 1
is given as

Av,1 = - [ JI] (7)

The velocity-to-be-gained to be applied at n + 1 to null the
velocity deviation at n + 1 is given by

Further details on linear impulsive guidance mechanization
techniques are given in Ref 7 The previously cited Table 2
yields the explicit representation of the velocity-to-be-gained
sensitivity matrixes, —&~IOL and [/3"1]77, for all two-body
conical orbits
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Mars Nonstop Round-Trip Trajectories

ROGER W LUIDENS*
NASA Lewis Research Center, Cleveland, Ohio

Introduction

MANNED and unmanned nonstop round trips may be
precursors of the first manned landing on Mars The

vehicle for such a trip will be launched from Earth and, with-
out stopping, fly by Mars and return to Earth Except in
special cases, a vehicle placed on a trajectory to Mars will not
return to Earth In many cases, however, an Earth return
can be achieved if the trajectory is modified b}^ one of the
following means: 1) by the gravity of Mars, 2) by gravity
supplemented by propulsion, or 3) by gravity supplemented by
aerodynamic forces The analysis of the trajectories resulting
from the latter two trajectory modifications is the contribu-
tion made herein

In this note, the preceding three kinds of nonstop round
trip trajectories are compared in the years 1971 and 1980 on
the basis of mission time and the required propulsive velocity
increment A short mission is desirable for reducing life sup-
port system weight and for psychological reasons Since the
initial system gross weight is exponentially related to the pro-
pulsive velocity increment, a low value of this parameter also
is desired

Types of Maneuvers

The trajectory of a typical nonstop round-trip mission in
1971 is superimposed on orbits of Mars and Earth in Fig 1
Note that the Mars orbit is quite eccentric The vehicle
leaves Earth at point 1, passes close to Mars at point 2, and
returns to Earth at point 3 In general, outbound and in
bound legs of the trajectory are of unequal length

When the vehicle passes Mars, its trajectory can be changed
in three ways, which characterize the three trajectories ana-
lyzed (Fig 2) For a gravity turn, only the gravitational field
of Mars deflects the vehicle (Fig 2a) The arrival and the
departure velocities VA and VD are equal in magnitude, and
the turning is equally distributed between the arrival and the
departure phases of the maneuver, that is, $GA = $GD

If gravity alone cannot produce an Earth return trajectory,
the trajectory can be further changed by thrusting The
thrust is generally best applied at the sphere of influence when
the vehicle departs from Mars Figure 2a illustrates a velocity
increment AV<? imparted to change the departure velocity
vector from VD to VD A trajectory using this maneuver is
called a propulsive-gravity turn

An aerodynamic-turn trajectory (Fig 2b) may be used to
advantage when a low departure velocity and a high turning
angle are required The total turning can be broken into
three stages First, the arrival velocity vector is turned
through an angle &GA by the planetary gravitation field
Second, after entering the Mars atmosphere, the vehicle
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